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Abstract
The effect due to doping by B, Si, N on the magneto-transport properties of graphene is in-
vestigated using the generalized tight-binding model in conjunction with the Kubo formula. The
crucial electronic and transport properties are greatly diversified by the type of dopant and doping
concentration. The contribution from the guest atoms may open a band gap, thereby giving rise
to the rich Landau level energy spectra and consequently the unique quantum Hall conductivity.
The Fermi energy-dependent quantum Hall effect appears as a step structure having both integer
and half-integer plateaus. Doping leads to the occurrence of zero conductivity, unlike the plateau
sequence for pristine graphene. The predicted dopant- and concentration-enriched quantum Hall
effect for doped graphene should provide useful information for magneto-transport measurements
and possible technological applications as well as metrology.
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I. INTRODUCTION
Understanding the physics behind the quantum Hall effect (QHE) has led to a pro-
longed effort by numerous theoretical and experimental researchers. In particular, the Hall
conductivity of condensed matter systems under an external magnetic field has received
special attention.1–20 Individual behaviors of magnetic-field-quantized Landau levels (LLs)
have been employed to explain the QHE. The electrons filling LLs and wave functions have
been demonstrated to be associated with the integer and fractional quantum Hall states.
In this work, we will systematically explore the QHE in Si-, B-, and N-doped graphene
for various doping concentrations with the aid of the tight-binding model to determine the
energy bands.
Ever since the time when graphene was experimentally discovered, its exotic QHE has
attracted many studies from both the experimental and theoretical points of view.1–14 Mono-
layer graphene shows amazing physical properties because of its single-atom thickness and
hexagonal symmetry. The magnetically quantized LLs of the isotropic Dirac cone form a
distinctive energy spectrum for which conduction and valence energy levels are dependent
on both the field strength and the quantum number of specified LLs. Such an established
relation,
√
Bznc,v, has been verified through experiment using scanning tunneling spec-
troscopy (STS),21 optical spectroscopies,22 and transport equipment.5,6 Interestingly, it has
been realized that the inter-LL transitions obey a specific selection rule associated with the
equivalence of the two sublattices in the crystal structure. Only excitations between the va-
lence and conduction LLs whose quantum numbers satisfy ∆n = |nv − nc| = 1 are allowed,
resulting in the exotic QHE. Magnetic transport measurements have verified the unconven-
tional half-integer Hall conductivity σxy = (m+1/2)4e
2/h (m is an integer and the factor of
4 represents the spin and sublattice-dependent degeneracy) in monolayer graphene.5,6 Such
an extraordinary quantization phenomenon is related to the quantum anomaly of the n = 0
LL coming from the Dirac point.1
Currently, scientists are in search of novel materials yielding unusual physical phenomena
and having potential for applications. By generating graphene-based defect systems, such as
substituting impurities or guest atoms in a hexagonal carbon lattice, ones could effectively
manipulate the fundamental properties inherent to graphene. Among various pertinent guest
atoms, Si,23 B,24,25 and N26,27 have been successfully substituted for the carbon host atoms by
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chemical vapor deposition (CVD) or arc discharge experiments. The doping effect eliminates
the equivalence of the two sublattices, causing dramatic changes in physical properties,
including the energy gap opening and the deviation from the original Dirac cone. Previous
studies have proved the emergence of different ionization potentials and non-uniform hopping
integrals.28,29 Specifically for Si-, B-, and N-doped graphene, the pi bonding extending on a
hexagonal lattice is significantly distorted. As a consequence, the low-lying energy band is
controlled by both the dopants and C atoms simultaneously. The magnetically quantized LLs
of the dopant- and concentration-created unusual band structures have been theoretically
predicted to be feature-rich and unique.30 These facts make it promising for the QHE of
such special LL energy spectra to yield abundantly rich results.
The rest of our paper is outlined as follows. In Sec. II, we employ the tight-binding
method to solve for the eigenvalues and eigenfunctions of the magnetic Hamiltonian, and
then use these results to calculate the Hall conductivity by means of the linear Kubo formula.
This procedure enables us to identify allowed transition channels through the aforemen-
tioned magneto-electronic selection rules, leading to the understanding of Fermi-energy- and
magnetic-field-diversified quantum conductivity. Fundamental properties of doped graphene
are greatly enriched by various types of dopants and their concentrations. In Sec. III, we
investigate the QHE of several dopants of Si, B, and N with 2% and 12.5% of doped atoms.
Our results demonstrate the robust correlation between the unusual QHE and the dopant-
and concentration-induced rich LLs in the doped graphene systems. Our theoretical pre-
dictions provide essential information for future experimental verification of the QHE in
graphene-based defect materials. Section IV is devoted to our concluding remarks.
II. METHOD
The crystal structures of doped graphene for various concentrations are presented in Figs.
1(a) and 1(b). For a 1:2n2 concentration doping (n is the cell multiplicity), the super cell
could be obtained by expanding the original unit cell of pristine graphene n times along the
lattice vectors ~a1 and ~a2, that is, (n~a1, n~a2). In this work, we choose a rectangular super cell
as marked by the red lines for convenience in considering the effect of magnetic field. A single
supercell comprises 2n2 sublattices of two types, Ai and Bi, in which i indicates the lattice
site. Both C-2pz orbital and the guest orbitals of B − 2pz, Si− (2pz, 3pz), and N − 2pz play
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the key roles in governing the crucial characteristics at low-energy range. The Hamiltonian
matrix includes the non-uniform bond lengths, site energies and nearest-neighbor hopping
integrals, which could be written as follows:30
Hj+2nl−2n,j+2nl−n = H∗j+2nl−n,j+2nl−2n = tj+2nl−2n,j+2nl−nf1
Hj+2nl−2n,m(j)+2nl−n+1 = H∗m(j)+2nl−n+1,j+2nl−2n = tj+2nl−2n,m(j)+2nl−n+1f2
Hj+2nl−2n,j+2n[m(l)+1]−n = H∗j+2n[m(l)+1]−n,j+2nl−2n = tj+2nl−2n,j+2n[m(l)+1]−nf3
H1,1 = B/Si/N−C , (1)
in which, the hopping term is defined as
tα,β =
 γB/Si/N−C , if α or β equal 1γC−C , otherwise. (2)
In this notation, f1,2,3 is defined in terms of the wave vector ~k and the vectors connecting
the nearest-neighbor lattice sites ~R1,2,3 through e
i~k. ~R1,2,3 . m(k) = k+n− 2 mod n is modulo
function, and j, l are the integers (j, l = 1, 2, 3, ..., n).
The C-C and B/Si/N-C bond lengths have been verified as being slightly different due to
doping, especially the buckling effect of the guest atoms in graphene.28,29 For Si dopant, the
guest atoms are located at a distance of dSi above graphene sheet, implying the significant
adjustment of the pi bonding on a hexagonal lattice. The consequential non-uniform nearest-
neighbor hopping integrals and site energies associated with the major 2pz orbitals of the C
host atoms and the minor 2pz/3pz orbitals of the guest atoms lead to extraordinary electronic
properties. The parameters are appropriately fitted, as shown in Table I, so that the energy
bands calculated by the tight-binding and first-principles methods are consistent.
The effect of a uniform perpendicular magnetic field on the system could be treated
with the use of the vector potential-created Peierls phase of ∆Gmm′ =
2pi
φ0
∫ Rm
Rm′
A(r) · dr
(φ0 = hc/e the flux quantum) in the nearest-neighbor hopping integral.
30 Such a phase is
position-dependent so that the unit cell is extended to become along the armchair direction.
Consequently, the magnetic Hamiltonian is a large matrix whose periods strongly depend
on the density of guest atoms and vector potential. This Hamiltonian matrix is efficiently
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FIG. 1: (Color online) Crystal structures of doped graphene for chosen doping concentrations of
(a) 12.5% and (b) 2% dopants. The green and orange spheres denote, respectively, the C and
Si/B/N atoms.
solved using the diagonalization method to obtain the LL energy spectrum and sub-envelope
functions.31 Interestingly, the amplitudes of sub-envelope functions on the distinct sublat-
tices in an enlarged unit cell could be regarded as their spatial distributions, and they are
used, therefore, to analyze the main features of the LL wave functions.
Within linear response theory, the Hall conductivity is computed from the Kubo
formula.32
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TABLE I: Tight-binding parameters for pristine and doped graphene
Parameter Pristine graphene Si-doped B-doped N-doped
bond lengths (A˚) b = 1.42 bC−Si = 1.7 bC−B = 1.42 bC−N = 1.42
buckled distance (A˚) d = 0 dSi = 0.93 dB = 0 dN = 0
hopping (eV) t =-2.7 tC−Si = −1.3 tC−B = -2.17 tC−N = -2.1
site energy (eV)  = 0 Si =1.3 B = 2.33 N = -2
σxy =
ie2h¯
S
∑
α
∑
α 6=β(fα − fβ) 〈α|u˙x|β〉〈β|u˙y |α〉(Eα−Eβ)2+Γ20 . (3)
In this notation, |α〉 and Eα are, respectively, the LL state with energy, fα,β the Fermi-Dirac
distribution functions, S is the area of the supercell, and Γ0 a broadening parameter. Fur-
thermore, the velocity operators u˙x,y directly determine the allowable inter-LL transitions;
they are evaluated from the gradient approximation .33 The defect effect in doped graphene
might induce the unconventional quantum conductivities.
III. RESULTS AND DISCUSSION
The effect of doping with chosen dopants and concentrations remarkably diversifies the
electronic properties of graphene. The substitution of guest atoms opens a direct band gap
in monolayer graphene since it breaks the lattice symmetry, as illustrated in Figs. 2(a)
through 2(f). The magnitude of the energy gap (Eg) is strongly determined by the dopants
and doping concentration, as demonstrated in Table II for pristine graphene and Si-, B-, and
N-doped systems with 2% and 12.5% guest atoms. Additionally, the significant influence of
doping on the Fermi energy is worthy of consideration (Table III). For pristine graphene, the
Fermi energy is equal to zero (Fig. S1 of the Supplemental Materials) and this remains the
same in the presence of Si dopant. On the contrary, the Fermi energy levels are downshifted
to the valence band or upshifted to the conduction band for B- and N-doped systems,
respectively. These phenomena could be explained by the fact that a B atom acts as an
p-dopant while an N atom is an n-dopant since a B/N atom has one less/more electron
than a C atom. The 3D plots for energy bands with separation of occupied and unoccupied
states are shown in Fig. S2 of the Supplemental Materials. Our numerical results are in
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FIG. 2: (Color online) Energy bands of doped graphene for Si, B, and N guest atoms with (a)-(c)
2% and (d)-(f) 12.5% concentrations, respectively.
agreement with previous theoretical calculations by the first-principles method.34–36 The
prediction of the dopant- and concentration-dependent band structures in doped graphene
should be useful for technological applications.
In the presence of a uniform perpendicular magnetic field, the quantized LLs show unusual
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TABLE II: Band gap of doped graphene
Eg (eV) Si-doped B-doped N-doped
2% 0.19 0.12 0.13
12.5% 0.74 0.68 0.68
TABLE III: Fermi levels of doped graphene
Fermi levels (eV) Si-doped (EF (Si)) B-doped (EF (B)) N-doped (EF (N))
2% 0 -0.78 0.84
12.5% 0 -1.76 1.81
characteristics due to the doping effect. Because of the opening of a band gap, the conduction
and valence LL energy spectra are clearly separated, as shown in Figs. 3(a) and 3(d) for the
magnetic-field-dependent energy spectra of Si-doped graphene. The separation is invariant
with variation of the field strength so that it has no influence on the inter-LL transition
between the valence and conduction bands. Each LL is four-fold degenerate, except for the
lowest conduction and highest valence states in the vicinity of zero energy whose degeneracy
is half smaller. For Si-doped graphene, the Fermi level is located at zero energy. Therefore,
the former and the latter are unoccupied and occupied, respectively. On the other hand, they
are either unoccupied for B or occupied for N dopants due to the shift of Fermi level. These
two doubly degenerate LLs are split from the original zero-energy LL (n = 0) of pristine
graphene due to the substitution of guest atoms. The Bz-dependence of LLs near the Fermi
levels in B- and N-doped systems are worthy of detailed consideration. There, the density
of LL states is very high, as clearly illustrated in Figs. 3(b) through 3(c) for 2% and 3(e)
through 3(f) for 12.5% concentrations of B and N guest atoms. Especially for sufficiently
high dopant density of 12.5%, the LLs show slight splitting behavior at higher and deeper
energy ranges, altering the state degeneracy degree of freedom. These phenomena play a
key role in the unique properties of quantum Hall conductivity, which we discuss below.
The contribution of guest and host atoms to the Hall conductivity through the velocity
matrix elements in Eq. (3) could be understood based on the amplitude of LL wave functions
on the sublattices, as demonstrated in Figs. 4(I) through 4(III). Our numerical calculations
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FIG. 3: (Color online) The Bz-dependent LL energies of doped graphene with Si, B, and N dopants
for (a)-(c) 2% and (d)-(f) 12.5%.
show that the A sublattice which consists of the guest atoms obviously dominates the con-
duction bands of (Si, B)-doped systems and the valence band of N-doped graphene, and
vice versa for the B sublattice. Especially for Si dopant with the presence of 3pz orbital, its
spatial distribution is even stronger than that of the C atoms. The quantum number, which
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FIG. 4: (Color online) The LL energies and wavefunctions of the first few levels for (I) Si, (II) B,
and (III) N guest atoms with 12.5% concentrations for Bz = 20 T. The blue and red bars represent
LLs localized at 1/6 and 2/6 centers, respectively.
is critical in understanding the selection rule of inter-LL transition, is determined based
on the LL spatial distribution. Landau wave functions are only localized at some specific
areas within the field-enlarged unit cell, particularly at 1/6, 2/6, 4/6 and 5/6 centers for
a (kx = 0, ky = 0) state. LLs localized at 1/6 and 4/6 (2/6 and 5/6) are equivalent in
the main characteristics and they are classified as nc,v1 (n
c,v
2 ) group. This is true for all the
doped systems, regardless of the dopants and doping concentration. The doubly-degenerate
conduction LL belongs to nc1 group for Si and B dopants but n
c
2 for N, while the opposite is
true for the valence one.
The quantum Hall effect of doped graphene presents unusual and unconventional proper-
ties that may be manipulated by the degree to which the sample is doped. The Fermi energy-
dependent conductivity quantization in an external magnetic field presents step structure,
as illustrated in Fig. 5 for the resistivity Rxy = 1/σxy of three different guest atoms with 2%
and 12.5% concentrations. The plots of σxy could be found in Fig. S3 of the Supplemental
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Materials. During the variation of the Fermi energy (EF ), a plateau is formed whenever one
LL becomes occupied. The inter-LL transition between the occupied and unoccupied levels
needs to satisfy a specific selection rule where the oscillation mode of the wave functions on
the sublattices must be equivalent for the initial and final states. We observe that such a
rule is ∆n = ± 1 & 0 for 2% and ∆n = ± 1 for 12.5% doped graphene.
FIG. 5: (Color online) The EF -dependent resistivity of Si-, B-, and N-doped graphene for Bz =
20 T. The solid and dashed curves represent the dopant densities of 2% and 12.5%, respectively.
The inset shows the quantum Hall conductivity of 12.5% B-doped graphene.
The conductivity is quantized following a special sequence of σxy = {0; 2(2m + 1)e2/h}
(m is an integer) for all dopants. It should be noticed that, the EF on the x-axis in Fig. 5
represents the shift of energy from the original Fermi level. The band gap created by the
doping is reflected in the discontinuity of Rxy near the zero energy, as shown for Si guest
atom by the solid and dashed red curves. This is associated with the emergence of zero
11
conductivity, clearly demonstrated in Figs. S3(a) and S3(d) of the Supplemental Materials.
As a result, there exist two half-integer steps of 2e2/h height near zero energy, in addition
to the conventional steps of 4e2/h. This is in contrast with that for pristine graphene where
the two half-integer steps at zero energy are not separated.5 The width of the plateau at zero
energy, which directly reflects the size of the band gap, strongly depends on the dopants
and doping concentrations.
The quantum Hall conductivities in the vicinity of the Fermi levels in the presence of B
and N dopants deserve careful scrutiny since they could be identified in magneto-transport
measurements. For sufficiently small doping concentration, e.g., 2% as illustrated by the
solid blue and green curves in Fig. 5 (also in Figs. S3(b) and S3(c)), the quantized sequence
of quantum Hall conductivity remains unchanged even at higher or lower energy ranges.
The doping effect might not be strong enough to remarkably alter the essential physical
properties of the system. However by increasing the density of dopants, the ensuing split
of LLs near EF (B) and EF (N) gives rise to the significant changes in quantum Hall effect.
There, the wider and smaller conductivity plateaus are interspersed in the spectra, referring
to the inset plot for 12.5% B-doped graphene (also in Figs. S3(e) and S3(f)), in which the
latter is related to the splitting of degenerate LLs. Accordingly, each step is reduced by half
in height, obeying a new quantized sequence of σxy = 2me
2/h.
Our theoretical predictions for doped graphene of various dopants should provide use-
ful information for further magnetic transport measurements, as done for monolayer and
few-layer graphene.5,6,8–11 Specifically, we observed the half-integer QHE as predicted to ex-
ist in monolayer graphene by different theory groups,1–3 situated on thin graphite films,4
and verified by experimental measurements.5,6 Such a special quantization in graphene is
attributed to the quantum anomaly of the n = 0 LL corresponding to the Dirac point.1 The
results obtained in this work by the well-developed theoretical framework are expected to
be confirmed experimentally.
IV. CONCLUDING REMARKS
In conclusion, the generalized tight-binding model and the Kubo formula are employed
to explore the interesting QHE in doped graphene for Si, B, and N guest atoms with vari-
ous concentrations. The theoretical framework takes into consideration substantial factors
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of the doping system, including the non-uniform bond lengths, site energies, hopping in-
tegrals, and external field. This method could be further developed to investigate many
other condense-matter materials. The doped graphene is an emergent 2D binary compound
material, which presents diverse electronic and transport properties under magnetic quan-
tization. The doping effect can open a band gap of different sizes, leading to remarkable
changes in the main features of LLs and thus the magneto-transport properties. The Fermi-
energy-dependent QHE exhibits both the integer and half-integer conductivities. The step
structure could be controlled by changing the dopants or doping concentration, in which
the latter has more significant influence. The theoretical predictions should provide useful
information and could be examined by magneto-transport measurements.
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